Introduction
In 1781, the French engineer C. A. Coulomb published his "Theorie des Machines Simpies" in which he presented his celebrated law of friction, This work earned him a double prize from the French Royal Academy of Sciences in 1785, The classical Coulomb law of static dry friction, of course, asserts that relative sliding between two bodies in contact along plane surfaces will occur when the net shear force parallel to the plane reaches a critical value proportional 10 the net normal force pressing the two bodies together. The constalll of proportionality is called the coefficient of friction.
It can be argued that as a basis for contact probkms in the theory of elasticity, Coulomb's law is not acceptable from either a physical or a mathematical point of view. From the purely phYSical side, it has been recognized for many years that Coulomb's law is capable of describing only friction effects between effectively rigid bodies and gross sliding of one body relative to another. Indeed, it is clear that Coulomb himself never intended that his law be applied pointwise in boundary-value problems in elasticity; the foundations of continuum mechanics, particularly the concept of stress and the equations of linear elastostatics, were only fully developed many decades after Coulomb proposed his law, and the first successful formulation of a contact problem in elasticity came over a full century after Coulomb's work. From the ComribUled by Ihe Applied 1'>lechanics Division for publication in the JOURNAL OF ApPLIED MECHANICS.
Discussion on this paper should be addressed JO the Editorial Depanment, ASME, United Engineering Center, 345 East 47th Sireet, New York, N.Y. 10017, and will be accepted until (Wo months aftcr fianl publication of Ihc paper itself in the JOURSAL OF ApPLIED MECHANICS, .'vtanust'Tipt received by ASME Applied Mechanics Division April. 1982.
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mathematical point of view, it is known (see Duvaut [4] and also Duvaut and Lions [5» that if Coulomb's law is applied pointwise in contact problems involving linearly elastic bodies, then the contact stress cr., developed normal to the contact surface is ill defined. Except for some very special cases (e.g., Necas, Jarusek, and Haslinger (10» the fundamental question of existence of solutions of the friction problem is open (for other related open questions, see Duvaut and Lions [51) . There are several aspects of actual friction phenomena between metallic bodies that suggest alternative friction laws which represent a marked departure from the classical formulations. First, we mention the obvious nonloeal character of the mechanism by which normal stresses are distributed on machined contact surfaces. These stresses are transmitted over junctions formed by deformed asperities and are not concentrated at isolaled points on the contact surface, Second, we note that upon the application of loads. experiments show that there always exists a small tangential displacement of points on the contact surfaces due to the elastic and elaslOplastic deformation of these junctions; "sliding" occurs when these junctions arc actually fractured. Since these junctions can be recovered upon a quasi-static reversal of loads, the actual "adhesion-sliding" friction mechanism is highly nonlinear and depends on the elastoplastic properties of the metal oxide and contaminant film on the contact surfaces.
Independent of the nonlinear character of local friction phenomena, there are also mathematical reasons to expect that a nonlocal friction law might lead to a more tractable theory, Recently, Duvaut [4] published a brief note in which he observed that the source of difficulties in establishing an existence theory for Signorini's problem with Coulomb friction was the lack of smoothness of the normal contact pressure an' Therefore, by considering, instead, a proper mollification of the normal stresses on the contact boundary he was able to state that the principal obstacles in the way of deriving an existence and uniqueness theory for contact problems with friction could be overcome. One interpretation of such a smoothing of the contact pressure is as a result of nonlocal effects arising from micromechanical phenomena taking place on the contact regions.
In the present study, we propose nonlinear, non local friction laws for contact problems involving linearly elastic bodies and we present variational principles for contact problems in elastostatics in which these laws hold. Roughly speaking, a nonlocal friction law proposes that impending motion at a point of contact between two deformable bodies will occur when the shear stress at that point reaches a value proportional to a weighted measure of the normal stresses in a neighborhood of the point, The character of the effective local neighborhood and the manner in which neighborhood stresses contribute to the sliding condition depends on features of the microstructure of the materials.
While such non local laws do lead to a mathematically tractable theory, they still do not capture the effects of the tangential elastic-plastic deformations of the contact junctions mentioned earlier. To accommodate such effects, we present a further amendment which provides for small but nonzero, elastic tangential displacements at the contact surface for tangential stresses below a certain critical level. For shear stresses at or near this critical level, substantially larger motions can occur which effectively represent large tangential motions such as sliding. This critical value may be proportional to a weighted measure of the normal stresses in a neighborhood of thc point on the contact surface.
An interesting feature of our results is that these nonconventional friction laws are given in terms of three positivc material parameters: v, p, and~. The parameter v is the coefficient of friction, although its actual interpretation is somewhat more complex than that of classical mechanics. The concise accounts can be found in standard texts on the subject (e,g. Rabinowicz (12] ).
To understand friction. one must first appreciate the role of the microstructure of the materials involved. Consider an experiment in which two metallic bodies are placed in contact along two apparently machined flat surfaees. At microscopic levels, specifically at magnifications of lO00x to 5000x, machincd metal surfaces are seen to be not smooth homogeneous plancs. but rough contours with numerous irregularities which are large compared with molecular dimensions. We refer to these deviations from the plane as asperities,
When we press together two surfaces. actual contact initially occurs only at the peaks or summits of the asperities. Large areas of the surfaces are separated by a distance that is large compared with the range of molecular action, so that these gaps in the surfaces are completely separated and have no interaction with one another. The load is, therefore, initially supported at the tips of the asperities: the area of contact is extremely small, and the pressure at the points of contact, even for lightly loaded surfaces. is high. Plastic deformation of the tip of the asperities occurs at small loads while the bulk of the underlying metal deforms elastically, As the normal load is further increased, the asperities deform and fracture with the result that the local load is distributed over an area surrounding each deformed asperity. At this stage, each asperity has been flattened and the local contact forces are distributed over a neighborhood of the asperity. The real area of contact A r (as opposed to the apparent area) is 
We see that the classical pointwise vcrsion of Coulomb's law must be interpreted in the sense of distributions for this situation. As a typical c5-sequence, we mention: A more realistic model of friction from the physical point of view is obtained if we take into account the microscopic aspects of the physics of friction described earlier. Specifically, the contact surface of body B will present asperities deviating from a smooth plane. As the normal force N is gradually applied, these asperities are gradually deformed and broken down until equilibrium of normal forces is reached. The normal force reaching body B through the strip A must then be distributed over the contact area of the deformed asperity as indicated in Fig. 3 , We shall now assume that the asperity's finite transmission area is accounted for by using the c5-sequence Iwp) of (2,8) keeping p = Po, Po being the radius of the comact area of the deformed asperity. Since N=N(x) is now a function, we have instead of(2.7),
contact of hard steel balls with the flat end of a hard steel roller. Microdisplacements are produced by an applied shear force varying progressively from zero to the value necessary to produce slip.
A Nonlocal Friction Law.
In order to develop a basis for a nonlocal friction law we consider here the two simple physical models shown in Figs, 2 and 3, Figure 2 , a thin weightless strip A of length 21 is pressed against a fixed elastic block B by a concentrated normal force N applied at its midpoint P; then a force T is applied to the strip and is increascd slowly in magnitude until motion (sliding) of the strip relative to the block occurs, For this idealized situation, designed to emphasize the local character of the classical Coulomb law of friction, we arc interested in calculating the distribution of frictional (shear) stresses between the strip and the block assuming that Coulomb's law holds and that the coefficient of friction v is given.
We consider the origin of a coordinate axis x along the length of the strip to coincide with the midpoint P of the strip. Then. the only point on the contact surfaces between bodies A and B at which a resistive force can be developed is at an isolated point beneath p, Thus, impending sliding is reached when the resisting shear aT is formally given by
where () is the Dirac delta corresponding to the point source at the origin, Of course, equation (2.4) 
. T is directly proportional to the load (or I' is independent of the load).
As an idealization of the contact surfaces, one may assume that the asperities are superposcd on the surface of spherical protuberances with a larger radius of curvature. It is then possible to consider that although each individual asperity al the interface will deform plastically, the deformation of each spherical protuberance will be elastic. This idealization has two purposes: first, the area of real contact still remains approximately proponionalto the load, although the overall deformation is clastic (see Archard [I]); second, it allows us to treat each region of contact as being roughly circular (see microphotographs in Bowden and Tabor [3, p 71]) and to regard the contact pressure as being essentially symmetric, attaining its maximum magnitude at the cemer of the circle of contact, in a manner consistent with the well-known analysis of Mindlin [9] .
We emphasize that the junctions through which loads are transmitted from one body to another are not rigid; indeed. they are composed of a deformable composite of metal. metal oxide, and surface contaminant which, for our purposes, can be assumed to be elastoplastic or nonlinearly elastic, Several researchers have actually measured the tangential microdisplacements that occur in friction experiments on metals, prior to gross sliding of the surfaces, and we mention as examples the works of Johnson (8) . Bowden and Tabor [3], and Rabinowicz [12] . Figure I reproduces 
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where N is the total normal force pressing the surfaces together, The real area of contact is, thus, proportional to the load and independent of the size of the surfaces. Over these regions where intimate contact occurs, strong adhesion and welding of the metal surfaces takes place and the specimens become, in effect, a continuous solid, We refer to these regions as junctions.
Under most working conditions, metal surfaces are covered by a thin film of oxide, water vapor, and other absorbed impurities.
The shear strength of these junctions can be strongly dependent on the shear strength of these surface films. In particular, it is the shear strength of this layer of oxide and impuritics that determines the coefficient of friction and not, in general. the shear strength of the parent metals.
The application of a tangential forcc T creates a tendency for the two bodies to slide relative to each other. The contact prcssure must then decrease (since it was near or equal the plastic yield stress). Some microscopic motion will occur Uunction growth) even when T is small. If T is steadily increased, a value of sufficient magnitude to fracture the contaminant films is eventually reached and gross sliding occurs. It is customary to set the ratio of the magnitude of T at which sliding occurs to the net normal force N equal to the coefficielll of friction v, If s is the average shear strength of the interface, it follows that approximately T=A,s (2, 2) i.e" T is independent of the apparent area of contact (since A, is), Then substituting for A" we obtain where Sp is of thc form givcn in (2, II), II' we allow p-O maintaining e >0 fixed we obtain a local nonlinear law, i.e"
It is rcadily seen that both of thesc functions satisfy (2.13). The first example represents an "elastic-perfectly plastie" type rcsponse in which slipping can occur only aftcr a tangcntial displacement IUrl >E. On the other hand, the second example describes a situation in which thc critical strcss is approximated asymptotically as IUT 1-00, Both curves are depictcd in Fig. 4 , We not icc that these arc not thc only possible choices and that several others can also be considered (e.g. arctan, etc,), Also. we observe that the slopc of <p, at the origin, i,e., the derivative of <p, at zero displaccment equals liE. Thus e providcs a measurc of the rigidity or stiffness of the elastic-plastic or nonlincar elastic junctions.
Finally, we wish to comment on the combination of a nonlocallaw with a nonlinear law, A nonlocal-nonlinear law of friction will be of the form (2,12) with T replaced by liSp (un(u», i,e., stress cannot exceed, i.e., T=loIan(u)1 for the local case and T= I'Sp(Un(u» for the nonlocal case. It will also be of interest, as will be seen later, to consider the case in which T is a given (known) function of the position vector x, thus no longer dependent on thc displacement u.
As specific examples. we select for <P. the following two functions:
(2,10) implies that there exists A~O such that UT= -AUT where' denotes the convolution of the two functions, Thus, we have arrived at a friction law in which impending motion occurs at a point x on the contact surface when the shear stress at that point reaches a value proportional to the weighed average of the normal stress in a neighborhood of the point. If w Po is used to characterize this weighting function, then the neighborhood is a circular disk of radius Po centered at x, the maximum weight is given to the stress intensity at the center of the disk (the contact area of the deformed asperity), and exponentially decreasing weights are assigned to stress intensities as one moves from the center of the ncighborhood outward to the periphery of the disk.
We can now generalize these results to the threedimensional case: let UT denote the relative tangential component of displacement of a point x = (Xt ,X2 ,X3) on the contact surface between two deformable bodies and let un (u) and ud u) denote the normal and tangential stresses on the contact surface corresponding to the displacement field u. Then where Spo is an operator mollifying the normal stress distribution: e,g.,
Spo(Un(u»)(X)= t c wPQ(lx-yl)(-an(u(y)))dy (2.11)
where x and )' are points on the contact surface I'c,
We mention that nonloeal theories for other classes of problems in solid and fluid mechanics have been put forth by Eringen and Edelen (7); a detailed account of this work can be found in Eringen (6J.
Model of Nonlinear Friction,
Both Coulomb's law and the nonlocal law given in (2,10) depict perfect rigidadhesion-sliding conditions on the contact surface: they assert that there is absolutely no motion of points of one body relative to those of another if the tangential stress on the contact surface remains below some critical value T; but whcn this limit is reached, unbounded motions can occur, the ensuing tangential displacement being directed opposite to the tangential stress vector. It was pointed out in the Introduction and in Section 2,1 that in physical experiments on contact, tangential displacements are produccd by any nonzero tangential force developed on the contact surfacc since elasticplastic deformations of the junctions will always accompany the application of tangential forces (recall Fig, I ). ' To model this phenomcnon, we shall consider a family of nonlinear friction laws of the form In (2.12), T is a non-negative function of the displacement vector u representing the critical value that thc tangential where uij (u) is the suess produced by u and nj are the components of the unit outward normal n to r. Here and throughout our presentation Cartesian indcx notation and the summation convention are employed. Since the body is assumed to be linearly elastic, Hooke's law holds so that
where Eijkl are the usual clastic constants of the material,
Of course, particles within n are assumed to bc in static equilibrium so that
The unilateral motion of particles of the body on the material surface I'e is constrained by the presence of a rigid foundation which is a given distanee s from the body prior to the application of loads. Mathematically, this constraint is represemed by the requirement that the normal displacement of boundary points cannot exceed s: inequality (3, II) . Conversely, if u is a solution of (3, II) , then u also satisfies the system (3,3)-(3,7) if these relations are interprcted in a weak or distributional sense, 3.3 Other Related Friction Problems.
Several friction problems can be obtained as special cases of the nonlocal, nonlinear problem discusscd in the previous sections by allowing p-O or (-0 or both p,e-O or by restricting the dependence of the friction functional to its second variable. Results similar to those established in Proposition 3,1 can also be Slated. Morcover, if ,'Sp(un(u» is prescribed on re, and, hence, is independent of the displacement u, the static friction problcm thus obtained bccomes equivalent to a constrained minimization problem involving a functional representing the associated potential energy. Thus, we have the following cases:
Case / (p = 0), The friction law, which is now of a local type, is given by (2.17). Thus the system (3.3)-(3,6) together with condition (2.17) will produce a Signorini problem with local-nonlinear friction, which can be shown to be equivalent to thc variational principle (3.11) with thc functional} p,,( 0,0 ) replaced by },(u,v)= r IIlu n (u)I,p,(lvrl)ds he }n rc (3.12) 1ar(lI) 1<1 impliesur=O I ur(lI) I = 1 implies the existence of A2: 0 such that Thus, depending on e being strictly positive or zero, we have the following cases.
Case 4 (1 fixed, e >0). The corresponding Signorini problem now consists of (3.3)-(3.6) together with the friction Case 2 (e = 0). For this case, the friction law is given by (2,10). If we add this condition to the system (3,3)-(3.6) we will obtain a Signorini problem with nonlocal friction which may be seen to be equivalent to the variational inequality (3.11) if we replace}p" (0,0) in (3.11) by the functional
The proof of this equivalcnce differs in some aspects from the onc given in the Appcndix: it can be found in the unpublished report by Odcn and Pires (III.
Case 3 (P=f=O).
When both p=O and (=0, the eorresponding friction law is givcn by the conditions (2.18), Thc system (3.3)-(3.6) and (2.18) will then correspond to the Signorini problem with Coulomb friction. Duvaut and Lions [5] dcrived a variational principle characterizing this problem which is given by (3.11) if we replace the functional} p,' (0,0) by the functional }(u,\·)= f lan(u)1h'rl ds he finally we mention as a last special case, an auxiliary problem which proves to be useful in the next section when we establish the conditions for the existence of solutions to the nonlocal, nonlinear friction problem. This auxiliary problem involves a friction law for which the critical or limiting value of the tangential stress is prescribed rather than being determined by the equilibrium displacement field u. We will then have in the nonlinear case (E >0), a law of friction of type (2, ]2) where now 1is given on the contact surface re. In the case f = 0, this friction law assumes the form: Inequality (3.11) is a statement of the principle of virtual work for an elastic body restraincd by frictional forces of the type in (3.2), Note that this characterizes equilibrium configurations by an inequality rather than an equality because of the presence of the unilatcral contact constraint u on Ss on rc'
We also notice that the actual contact surface depends on the solution U and is, therefore, not known in advance.
Our first major result is stated in the following proposition, the proof of which is given in the Appendix.
Proposition 3./:
Let u be a sufficiently smooth solution of the Signorini problem with nonlocal, nonlinear frietion (3,3)-(3,7), Then u is also a solution of the variational for all v in K, where the encrgy functional 1,(.) is defined by Also, it is not difficult to show that in this case (3.13) is equivalent to the constrained minimization problem of finding II in K su~h that condition (2.12) (T given on re>. The equivalent variational formulation of this problem is:
for all v in K where Jo, = r~,(Ivrl)ds Propositioll 3.3: Let u, denote a solution of (3, II) for fixed (>0 and let u be a solution of the corresponding variational inequality obtained by setting f = 0 in (3.11). Then, for a sufficiently small coefficient of friction v. there exists a constant k>O, independent of f, such that lIu, -ull~kv'f wherc 11·11 is the norm given in (3.8).
Results similar to (3.21) and (3.22) can be easily derived for the cases p = 0 and T fixed (given) on rc.
(4.1)
The law of friction is now of the form (3.12) which, when added to the system (3.3)-(3.6), gives thc corresponding Signorini problem. We emphasize here that condition (3.12) represents a law of friction di fferent from Coulomb's law. It is easy to establish the equivalencc between (3.3)-(3.6) together with (3.12)·and (3.13) if we replace in (3.13)jo, (.) by the functional
The energy functional for this case is defined by It is then possible to show that the variational inequality (3.13) is equivalent to thc variational inequality
The differentiability of the functional)o (.) has important implications when we wish to consider' finite element approximations of the friction problems discussed so far. In fact, the direct approximation of the variational problem considered in Case 5 (E = 0) by finite elements through thc minimization of the functional defined in (3,18) leads to a discrete system for which the most popular methods for solving nonlinear variational inequalities do not apply, owing to the nondi fferentiability of Jo(·).
3.4 Estimate of the Difference Between the Solutions of the Friction Problems With E <0 (Nonlinear) and E = O. We wish to record here an estimate of the difference between the solutions of problem (3,11) and of the problem considered in Case 2 (E = 0) of the preceding section, as a funetion of E. The first result is concerned with the approximation of the functionalJ,,(.,.)
by the functionaIJ",,(.,. Wc shall now cstablish conditions sufficient to guarantee the existence of solutions to the nonlocal, nonlinear problem (3.11) as well as additional requirements that provide for uniqucness of solutions.
We begin by considering an important preliminary result concerning the auxiliary problem (3.13) introduced in the preceding section, for every \' in K. If not, we go back to Step 2 and replace in (4.1) 1by the new value IISp(an(B( r») . An iterative scheme is therefore obtained by repeating in this way, Steps 2-5.
6, Obviously, Step 5 describes a fixed point problem for the operator
T=IISpO a"°B
We must therefore show that there exists at least one element l' such that T( 1')= 1', Then u·~B( 1') will be a solution of the contact problem with nonlocal, nonlinear, friction, For small II, the composition T defined in the foregoing, becomes a contraction and the fixed point is unique. Hence, we can state the uniqueness result:
Proposition 4.3: If the coefficient of friction is sufficiently small, the nonlocal, nonlinear friction problem (3.11) possesses a unique solution.
Future Work
Numerical solutions of the nonlocal, nonlinear friction problems considered in this paper are currcntly under investigation, These include studies of behavior of the solution for various values of the major parameters; the coefficient of friction II, the nonlocal contact parameter p, and the tangential stiffness of the junctions f, This work is to be the subject of a forthcoming paper.
by (3.6) and the definition of the set K. Hence applying inequality (A .1) we finally obtain a(u, v -u) +jP.' (u, v) -jp,,(u,u) 2:ftv -u) for every v in K, i,e., variational inequality (3, 11) and the first part of the proposition is proved.
Convcrsely, let U in K be a solution of the variational inequality (3.11). Following the proof given Oden and Pires [11, pp. 20-22] for the case £=0 and omitting algebraic manipulations.
we are led to conditions (3,3)-(3.6) if we interpret them in the sense of distributions.
Then, variational inequality (3.11) will be reduced to which we have seen in Section 3.1 to be equivalent to the law of friction (3.7).
